We consider a one-dimensional flame propagation in a two-stage reaction of a solid fuel under adiabatic conditions. The first reaction is assumed to be exothermic, whereas the second reaction is endothermic. The speed of the front is estimated numerically using a commercial finite element package and was independently verified using the Method of Lines. When the ratio of the heat released by the exothermic to the endothermic reactions is reduced, the significance of the endothermic reaction increases, and the structure of the flame front changes. In particular, the temperature profile begin to develop a more pronounced local maximum close to the flame front as the endothermicity effects are increased. This is unlike the one-step reactions, or even competitive reactions, where such local maxima do not occur. Numerically, we were only able to obtain solutions up to a particular value of this exothermic/endothermic ratio, below which the numerical solutions obtained had difficulties converging to a reliable solution. As our numerical investigation shows there are parameter values in which the flame front no longer travels with a constant speed, but exhibits oscillatory behaviour in the speed. These pulsating regimes in flame propagation has been observed numerically in one-step, and other multi-step reaction schemes. Furthermore, experiments dating as far back as in the early 1950s have recorded such pulsating behaviour. However, these were regarded as unusual behaviour and very little explanation was given to their origins.
INTRODUCTION
Combustion is a fundamental process which is important in a wide range of applications, including industrial and environmental process modelling. In simple terms, combustion entails the exothermic reaction between a fuel substance and oxygen to produce combustion products and heat. A number of authors have studied combustion in this context, treating the combustion process as a single-step reaction (Weber et al. (1997) , Mclntosh et al. (2004) ). In reality, however, the precise chemistry is often far more complicated, involving a number of intermediate reaction steps, some of which are possibly endothermic. The rates of the various reactions involved ultimately determine the energy released, which causes changes in the surrounding temperature. These temperature changes then have a feedback effect on the reaction rates so that the entire process comprises a complex interaction between the chemical species involved, the temperature and the reaction rates.
In recognition of this, a number of authors have analysed so-called multi-step reaction schemes (see Dold (2007) and Liu et al. (1998) all references quoted therein). Typically, these analyses involve only two or three reaction steps, which are chosen to represent the most significant or rate-limiting reaction steps without comprimising the analytical amenability of the resulting systems. For example, two-step, chainbranching combustion schemes were studied by (Dold (2007) , Gubernov et al. (2006) etc), two-and threestep parallel exothermic-endothermic reaction schemes (e.g. quenching problems) were studied by Simon et al. (2005) and Gubernov et al. (2008) , two-step competitive exothermic-endothermic reaction schemes were studied by Hmaidi et al. (2010) and Sharples et al. (2011) , and a two-step sequential combustion scheme was studied by Please et al. (2003) . In particular, the latter authors considered the problem of direct reduction of iron ore in iron ore/coal composites and were thus lead to consider the case where one reaction was exothemic and one was endothermic. The motivation of these authors' investigation was from a Mathematics-In-Industry Study Group in 1994 for BHP Research (Hewitt (1995) ). We will refer to such a scheme as a sequential exothermic-endothermic combustion scheme. In the present paper we extend the work of Please et al. (2003) by analysing the two-step sequential exothermic-endothermic combustion schemes under more general circumstances.
Specifically we consider the following reaction scheme:
Here the first reaction proceeds at the temperature-dependent rate k 1 (T ), transforming the first reactant Y 1 into the intermediate product Y 2 and heat Q 1 . The second reaction proceeds at a rate k 2 (T ) and transforms the intermediate species Y 2 into the final product P and heat Q 2 . In the exothermic-endothermic scheme considered it is assumed that Q 1 > 0 (exothermic) and Q 2 < 0 (endothermic).
The work of Please et al. (2003) only considered condensed phase combustion in the large activation energy limit. By contrast our investigation consider the combustion scheme over a wide range of possible activation energies. In particular, we provide a detailed analysis of the endothermic effects on combustion wave speeds and the propagating temperature profiles. We also demonstrate the existence of oscillatory unstable combustion waves.
GOVERNING EQUATION
Following Please et al. (2003) , we consider a one-dimensional combustion scheme under adiabatic conditions. Assuming the fuel is uniform, premixed and the rate of both reactions are well-described by the Arrhenius law, we obtain the governing partial differential equations (PDEs) as:
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where x and t are the spatial and time coordinates, T is the temperature, and y 1 and y 2 are the normalised concentrations of first and second reactants. The other terms are defined as follows:
ρ -density of the fuel (kg m −3 ) c p -specific heat of the fuel (J kg
For the initial state the two reactants may both be present. Thus, we set y 1 = a and y 2 = 1 − a with 0 ≤ a ≤ 1 representing the proportion of fuel at the initial state. For the unburnt region, x → −∞, we have T = 0, y 1 = a. For the burnt region, x → ∞, we have ∂T ∂t = 0, y 1 = 0. Defining the non-dimensional temperature, and space and time coordinates as:
the problem can then be written in the non-dimensional form:
where the new parameters are
For the unburnt region, ξ → −∞, we have u = 0, y 1 = a. For the burnt region, ξ → ∞, we have
In general we may assume that Q 1 and Q 2 are not always positive. We note, however, that Q 1 and Q 2 can't both be negative, since in this case there will be no travelling wave in the combustion system. If α 0 = 1 then the second reaction in (1) is exothermic, otherwise α 0 = −1 and the second reaction is endothermic. The parameter α 1 presents the ratio of heat release of the first reaction to the second reaction. It is positive only if both reactions are exothermic and negative if the first reaction is endothermic. The parameter α 2 is the ratio of the pre-exponential constants of two reactions and α 3 is the ratio of their respective activation energies. The parameter β expresses the ratio of activation energy needed by the second reaction to its energy release. 

NUMERICAL SOLUTIONS
The governing equations (5) - (7) are analysed using a commercial finite element package (FlexPDE). It is a space-and time-adaptive finite element package which minimizes errors to a relative error tolerance level. If any step size exceeds this tolerance, the scheme refines the step size and the solution is recomputed. Solutions were also independently verified using Method of Lines (MOL). The key technique of the MOL is that the partial derivatives in spatial co-ordinates are replaced by finite difference approximators. In this way, each PDE is replaced by a system of ordinary differential equations (ODEs) in time allowing the application of standard ODE solutions. We have utilized MATLAB TM to solve the system of ODEs.
We have used the same parameter values considered by Please et al. (2003) , namely α 0 = −1, α 2 = 2 and α 3 = 1, and throughout this investigation we have fixed the values of these parameters together with α 1 = 3.5. The latter parameter represents the ratio of the heat released by the exothermic to the endothermic reactions. For values of α 1 < 3.5, the travelling wave solution becomes unreliable as there were issues of convergence for the numerical schemes used. We hope to resolve these issues in future work. Figure 1 shows the evolution of the temperature front and the profiles bear strong resemblance to the solutions obtained by Please et al. (2003) for α 1 = 5. Here, the drop after the local maximum is larger as the effects of the endothermicity is greater for α 1 = 3.5 than that for α 1 = 5 used in Please et al. (2003) . Figure 2 illustrates the dependence of the combustion wave speed c on the parameter β. In particular it shows how the speed varies over a wide range of β values, not just the large β treated by Please et al. (2003) . The wave speed behavior is similar to that seen in the case of the single reactant model (Weber et al. (1997) ). According to the parameter values used, both reactions have the same activation energies, and the heat released by the exothermic reaction is 3.5 times that absorbed by the endothermic reaction. This means that in the particular combustion system corresponding to these parameter values, the exothermic reaction dominates. At approximately β = 15.87, the system appears to exhibit a Hopf bifurcation, beyond which oscillatory solutions are obtained. The two wave speed curves seen in Figure 2 for this region of parameter space indicate the minimum and maximum speeds of the pulsating solutions. The exact location of this suspected, Hopf bifurcation needs further investigation using the Evans function method (Sandstede (2002) ). Furthermore, between β = 16.93 and β = 25.98, the system exhibits a sequence of oscillations with multiple periods. No solutions were able to be discerned using FlexPDE beyond β = 25.98. Given the similarity of the wave speed behaviour described above to other combustion problems that display similar behaviour it is likely that the combustion waves become chaotic (through a period-doubling bifurcation) before reaching the extinction point. The oscillatory behaviour and the route to extinction requires closer examination and is a subject for future study.
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The circles in figure 2 represents the speeds obtained using MOL. It is clear that the solutions obtained by MOL show a high level of correlation with those obtained using FlexPDE, particularly in the region with a single wave speed. However, for the region where pulsating wave exists (oscillatory behaviour), the error between the speeds obtained via MOL and FlexPDE are greater, with differences of maximum and minimum speed values being 15% and 19% respectively. Figure 3 shows the variation in the speed of the combustion front over time corresponding to several values of β. Figure 3(a) shows that the wavespeed converges to a constant value at β = 14. Figure 3(b) illustrates period-1 oscillations at β = 16.7. The crest of wavespeed is c = 0.214 and the trough of wavespeed is c = 0.071. Figure 3(c) shows the development of a period-2 oscillation at β = 18. Please et al. (2003) established conditions in the limiting large activation energy limit for the three possible situation of the temperature profile in the whole process of travelling wave. This contribution is 
DISCUSSION AND CONCLUSIONS
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a further study of the combustion system. By applying a finite element solver and the method of lines solving the governing equations, the travelling wave speed has been obtained numerically. The results presented here indicate that when β increases beyond a certain limit solutions cannot be resolved using these numerical schemes -some differences were found between this limiting value of β depending on the numerical scheme that was used. This limiting value was also mildly sensitive to the initial conditions, but this is expected given the nature of the numerical schemes.
It was also shown that for different values of the parameter α 1 , which describes the ratio of the heats of the endothermic and exothermic reactions, the characteristics of the oscillatory combustion waves varied. Smaller values of α 1 resulted in oscillatory combustion wave behaviour for smaller values of β, i.e. the Hopf point values were seen to decrease with β. For α 1 = 3.5, the Hopf point corresponded to β = 15.87.
A lot of the analyses of combustion schemes and their solutions have focussed on high activation energy asymptotics (i.e. large β). Our results indicate that at large values of β the behaviour of combustion waves can actually become quite complex, and so the results based on asymptotic analyses should be viewed with some caution.
Future work will continue to examine the behaviour of the sequential exothermic-endothermic combustion scheme for smaller values of α 1 . We will also extend the analyses by using more advanced numerical techniques and results will be compared and verified.
